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Detailed theoretical and numerical results are presented for the eddy viscosity of three-
dimensional forced spatially periodic incompressible flow.

As shown by Dubrulle & Frisch (1991), the eddy viscosity, which is in general a
fourth-order anisotropic tensor, is expressible in terms of the solution of auxiliary
problems. These are, essentially, three-dimensional linearized Navier—Stokes equations
which must be solved numerically.

The dynamics of weak large-scale perturbations of wavevector k is determined by
the eigenvalues — called here ‘eddy viscosities’ — of a two by two matrix, obtained by
contracting the eddy viscosity tensor with two k-vectors and projecting onto the plane
transverse to k to ensure incompressibility. As a consequence, eddy viscosities in three
dimensions, but not in two, can become complex. It is shown that this is ruled out for
flow with cubic symmetry, the eddy viscosities of which may, however, become
negative.

An instance is the equilateral ABC-flow (4 = B = C = 1). When the wavevector k
is in any of the three coordinate planes, at least one of the eddy viscosities becomes
negative for R = 1/v > R, ~ 1.92. This leads to a large-scale instability occurring for
a value of the Reynolds number about seven times smaller than instabilities having the
same spatial periodicity as the basic flow.

1. Introduction

After Navier (1823) had shown that — at that time hypothetical — molecular motion
leads to a viscous diffusion term in the equation for fluid motion, de Saint Venant
(1851) observed that flow in wide channels possesses complex eddy motion which
considerably enhances the *friction coefficient’ (as the viscosity was called at the time).
Boussinesq (1870) proposed a formula for what is now called the eddy viscosity,

I
namety vy = Augh, 1)

where A is a dimensionless constant, i, is a typical speed and £ is a typical scale (e.g. the
radius of curvature for pipe flow). Only after the work of Taylor (1915) and Prandtl
(1925) did such a ‘mixing length’ expression of the eddy viscosity become of
widespread use in the modelling of turbulent flow.

It was realized quite early that there is a strong analogy between, on the one hand,
microscopic transport (the effect of molecular motion and collisions on scales much
larger than the mean free path) and, on the other hand, turbulent transport (see Lamb
1916).

The systematic derivation of the hydrodynamical equations from kinetic theory uses
singular perturbation techniques in which the small parameter is the Knudsen number
(the mean free path A divided by the hydrodynamical scale /). This goes back to the
works of Hilbert, Chapman and Enskog (see e.g. Brush 1986, chapter 12).
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Similarly, when considering macroscopic fluid motion on scales ~ /,, in order to
derive a transport equation with an eddy viscosity, a necessary condition is that the
transport should take place on hyperscales L > /. This condition is, however, far from
sufficient. Indeed, microscopic and macroscopic motion are of very different nature,
the former being conservative while the latter are dissipative. Consequently,
macroscopic motion will decay unless constantly regenerated.

Here, we shall assume that the motion is regenerated by a driving force which is
periodic or random in space and time, a simple instance of which is the Kolmogorov
flow (Meshalkin & Sinai 1961 ; Nepomnyashchy 1976, Sivashinsky 1985; Bondarenko,
Gak & Dolzhansky 1979).

As is well-known, the form of the ordinary hydrodynamical equation is dictated to
a large extent by the conservation laws and symmetries (invariance group) of
microscopic motion. Similarly, the form of the hyperscale equations depends on the
assumed symmetries of the force. Using a multiscale technique, Dubrulle & Frisch
(1991, referred to hereinafter as DF) showed that if the force is parity-invariant
(possesses a centre of symmetry), the hyperscale behaviour is formally diffusive, that
is, governed by linear partial differential equations with first-order time derivatives and
second-order space derivatives. In the absence of parity-invariance, first-order space
derivatives, leading to the so-called AKA-effect, may also be present (Frisch, She &
Sulem 1987; Sulem et al. 1989). One way in which eddy viscosities may differ
dramatically from molecular viscosities is that they need not be positive. Vergassola
(1993) and Gama, Vergassola & Frisch (1994) have investigated the case of two-
dimensional flow and found that it frequently has negative eddy viscosity.

For three-dimensional flow, which is our main concern here, eddy viscosities have
been calculated so far only in special instances: flow d-correlated in time (Gama et al.
1994, Appendix D) and low-Reynolds number flow (DF). The difficulty is that, in
general, numerical calculation of the eddy viscosity tensor is unescapable. This feature
is present in most multiscale problems, e.g. the heat equation with periodic coefficients
in more than one dimension (Bensoussan, Lions & Papanicolaou 1978).

The paper is organized as follows. In §2.1 we briefly recall the multiscale machinery
for determining eddy viscosities. This section may be skipped by readers already
familiar with DF. In §2.2 we give a new definition of the eddy viscosity as an eigenvalue
of a suitable operator. Section 3 is devoted to the calculation of eddy viscosities in three
dimensions, mostly by numerical methods (§3.1). Section 4 is devoted to applications:
complex eddy viscosities (§4.1, already briefly reported in Wirth 1994) and negative
eddy viscosity instability for the 4ABC-flow (§4.2). Section 4.2 also includes some
remarks about the thermodynamics of negative (eddy) viscosity. This issue of isotropy
for the eddy viscosity is discussed in §5.

2. Theory of three-dimensional eddy viscosities
2.1. Multiscale technique for eddy viscosities

Our purpose is to show that a small-scale flow, produced by a prescribed parity-
invariant driving force, modifies the diffusion of momentum at large scales: the
molecular viscosity is changed into an eddy viscosity, which is usually a tensor.

The starting point is the three-dimensional Navier-Stokes equation for flow subject
to space- and time-periodic forcing. In the notation of DF it reads:

o-u=0, }

Qu+u-u=—p+vu+tf. @
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The solution » and the force fare all supposed to be 2n-periodic in ¢, x,, x,, X, and to
have vanishing space—time averages. The formalism can, in principle, be extended to
quasi-periodic or random space—time dependence. This requires significant changes in
the numerical methods and will not be discussed here.

The basic flow (p, u) is now subject to a weak perturbation:

p—>p+P, u—-u+qyW, 3)

where 7 denotes a small parameter. By omitting the O(5®)-terms we get the following
linearized Navier-Stokes equation, which is here linearized around the basic flow

(pu):
3-W=0, } @

0, W+ 3,(u; W, +u; W) = —0, P+ v O W,

This is a partial differential equation with periodic coefficients. The large-scale, long-
time behaviour of the perturbation is derived using multiscale analysis. The solution
(P, W) is assumed to depend both on a fast variable x, corresponding to the basic flow
and on a slow variable X = ex, where ¢ (the scale ratio) tends to zero. (Since only the
linear large-scale dynamics is needed for the calculation of the eddy viscosity, the limit
n—0 may be taken before the limit of large-scale separation ¢—(.) The nonlinear
large-scale dynamics has been considered by Gama et al. (1994) in the two-dimensional
case and is beyond the scope of the present paper.

The question of how the time variable should be rescaled depends crucially on the
symmetries of the problem. In general, the linear large-scale dynamics is first order in
time and first order in space (Frisch et al. 1987; Sulem et al. 1989). The corresponding
physical effect is known as anisotropic kinetic alpha (AKA)-effect. To obtain second
order in space large-scale dynamics, it is sufficient to assume parity-invariance, i.e. the
presence of a centre of symmetry. An important class of flows not having parity-
invariance, but still with no AKA effect, are the ABC flows, discussed in §4.2.

Henceforth, we shall assume the absence of an AKA effect. The appropriate
rescaling to obtain the ‘slow’ time variable is then T = €*t.

The next step is to use the decomposition rule for time- and space-derivatives:

0,~>0,+€*0p, 0—>0+¢€V, %)

where V denotes partial derivatives with respect to the slow variable X. This reduces
the linearized Navier—Stokes problem (4) to a standard singular perturbation problem
which can be solved by repeated use of solvability conditions (Fredholm alternatives).
The solution is obtained by expanding the large-scale perturbation (P, W) in powers

of ¢,
P pP©® P P®
(W) = ( W(O))+€(W(l))+62(W(2)>+0(€3). (6)
To write the equations in a compact form, following DF, it is convenient to introduce
an operator notation. The linearized Navier—Stokes equation (4) is rewritten

P R4 R4 P
VEREE AL 7
14 Lyp Ay )\ W, M
where the various matrix blocks are given by
Spp =0, Sy =0, Hyp=7, (®)

Ly, w, = (©,—v0%) 0, +3; (854, @+ 8y U ). )
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Here, the bullet symbol e indicates that u, and u; act multiplicatively. When the
linearized Navier—Stokes operator &/ is restricted to functions which have the same
space-time periodicity as the force, it will be denoted by 4 (and similarly from its
matrix blocks such as 4,,).

Upon use of the decomposition, (4) becomes:

P
2 =
(A+eB+e C)(W) 0, (10)
where B and C are given by
0 B 0 0
B=< PW), C=( ), (1D
. Byp Bww 0 Cyw
with
Bpw,=Vi Byp=Vy Byw =—20,0 Vi+V,(8;u,e+6;,u;e), (12)
Cwi w; = ©r—vV?) 8- 13)
Since B is linear in slow space derivatives, it may be further decomposed as
— B
L J= v } (14)
BPW,- = Bwip = 0y, Bwiwj =—2v0,;0,+0,;u, 0+, u; @

One then substitutes (6) into (10) and requires that the result vanishes to all orders in
¢. The three leading-order equations are:

P(O)
(7)o »
pw PO
4 (W(l)) +B( W(O)) =0, (16)
P PO 20
A(W(2>)+B(W<1))+C(W(o>) =0 (7)

The assumption of parity-invariance of the basic flow ensures the solvability of (16)
(see DF). The solvability condition of (17) gives the desired large-scale equation,
namely

v, (WP =0, (1)
0r< W§0)> = Viiim Vj VZ<W£?L)>“V1' <P(1)>~ 19)

Where {-)> denotes the space-time average over the periodicities. Thanks to the
operator notation, DF have written the ‘eddy viscosity tensor’ v, in compact form:

iitm = Y0y Oy + (BAB(I- AN_IA))Wi W, (20

Since in three dimensions the four indices take three values, there may be up to 81
different components of the eddy viscosity tensor. This number may, however, be
reduced to 54 by symmetrization of the eddy viscosity tensor in the (j,/) indices, since
the latter are contracted with two V.

An interesting feature, not stressed in DF, is that the operators appearing in (20) are
not acting in the space of divergenceless velocity fields. The reason is that, after use of
the decomposition (5), the divergenceless condition will mix different orders of W™.
For example, the divergenceless condition to order ¢ is

V- WO 4. WD = 0. Q1)

This requires some care in the numerical calculation of the eddy viscosities (§3.1).

14
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2.2. The eddy viscosity as an eigenvalue
We now show that the concept of eddy viscosity as a number (real or complex) emerges
as an eigenvalue problem when studying the system (18)-(19) We may eliminate the
pressure {PV> using the incompressibility condition and the projector

Py=8,-V,V,V™ (22)
We thereby obtain from (19)
Op W = Povyym V, V, KW, (23)
This pseudodifferential equation has plane wave solutions of the form
(WX, T)) = WBexp(ik- X)exp (—vg k2T). 24)
Substituting (24) into (23) gives us an eigenvalue problem
ve K*W e = v (8.,—%) kyk, WS, (25)
which may be written as
vy WeE = H(k®) Wee, (26)
Here, k° = k/|k|, and H(k®) is the matrix
H,, (k") = Vrjim (0 —ki k) k;') k3. (27)

The eddy viscosity v, appears thus as an eigenvalue of the matrix H(k®). Observe that
the eigenvalue zero is always present with the corresponding eigenvector parallel to k°.
This eigenvalue/eigenvector is, however, not really acceptable since the vector We#
should be perpendicular to k (by incompressibility). Actually, the matrix H acts non-
trivially only in the (d— 1)-dimensional subspace perpendicular to k. Its restriction to
this subspace will be denoted H | .

It follows that, for a given wave-vector, the eddy viscosities v, are the eigenvalues
of the (d— 1) x (d—1) real matrix H,. The entries of this matrix are real because all the
Vjim are real.

A consequence is that in two dimensions, the eddy viscosity is always real. This is
not so in three dimensions. To examine the question more closely, let us specialize
the k-vector to the X, direction. As long as the basic flow has not been chosen, this
is no major restriction. From (25) we obtain the following equation for W®i& =

(W', W, 0)
Weig Weig v v Weig
VE(wéig) = HJ. (queig) = ( 18 1332) (Welzig) * (28)
2 2 Voss1  Vaasz 2
Thus, the eddy viscosity eigenvalues are the roots of the quadratic equation

Ve —(Vigg + Vaas2) Ve T V1sa1 Vasse — Viase Vasar = 0 (29)
If the discriminant
4= (Vg — V2332)2 +4v 332 Vagar = 0, (30)

the eigenvalues are real. In the opposite case (4 < 0), the eigenvalues are complex (non-
real). In §4.1 we shall show that there indeed exist flows such that 4 < 0.

2.3. The case of cubic symmetry

It is well known that in three dimensions there exist no crystallographic group ensuring
the isotropy of fourth-order tensors (Landau & Lifshitz 1970). With 2rn-periodicity in
X;, X, and x,, the best we can have is cubic symmetry, i.e. invariance under coordinate
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permutations and inversion of coordinates. Note that cubic symmetry singles out a
particular frame of reference in which it is convenient to write the eddy viscosity tensor
in frame-dependent notation.

The full cubic symmetry group can be generated by the following elements:

G (Xq, Xy Xg) 2 (X5 Xgs — X,), (31)
G, (xy, Xy, X5) > (X5, X5, —X,), (32)
P:(xy, x,, X)) (— X, — X5, —X3). (33)

Note that P-invariance is just parity-invariance.

It is easy to find examples of incompressible flows with weak cubic symmetry
(invariance under rotations of jn around any of the coordinate axes or translates
thereof) which are not parity-invariant. An example is the equilateral 4BC-flow
discussed in §4.2. An example of incompressible flow invariant under the full cubic
symmetry is

u, = sin 2x, Cos x, COS x; — Sin X, COS 2x, COS X, — SIN X, COS X, COS 2X,, 34)
U, = sin 2x, COS X, COS X; — Sin X, COS 2X, COS X; —Sin X, COS X, COs 2x,, (35)
u, = sin 2x,C0Os X, COS X, — Sin X, COS 2x, COS X, — SiN X, COS X, COS 2X,. (36)

Flow which is not parity-invariant will usually give rise to an AKA-effect (although
there are exceptions to this, such as Beltrami flows).

As is shown in the Appendix, the most general form of the eddy viscosity tensor with
weak cubic symmetry may be taken as

Visim = 0351+ b(8i 01— 0411m)5 (37)
where d;; and d;;,,,, are Kronecker deltas (all indices must be equal for non-vanishing).
Note that (37) already holds with just G,-invariance (i = 1, 2). Observe that whena = b
the eddy viscosity becomes isotropic. Obviously, when the molecular viscosity is large
(low Reynolds number), we have to leading order a = b =~ v.

The expressions of the eddy viscosities (as eigenvalues) for the case of weak cubic
symmetry are given in the Appendix.

3. Calculations of eddy viscosities in three dimensions

Equation (20) gives the eddy viscosity in compact form, but not in explicit form,
since it involves the inversion of the linearized Navier—Stokes operator 4, an inversion
which can be performed explicitly only in special cases.

The simplest case where everything can be calculated analytically is for layered flow,
i.e. when the basic flow depends on a single coordinate, say x, (see DF). Such flow, even
if it has non-vanishing x,- and x,-components, is not genuinely three-dimensional and
will not concern us.

Low-Reynolds-number flow, without any restriction on the dimensionality, is
amenable to perturbative calculation of the eddy viscosity tensor, as discussed in DF
(§III). Their result for the first two terms of the eddy viscosity in an expansion in
powers of v~ will be used subsequently. It reads:
= 10,y 05+ H{ =24, A TR0, 0, 1) — 2 u; A TIOTR0,0,,uy)

+uy 7wy 0y, + g H U 84y

+2u; H 720,00 u) + 2 U, H 20,0, )} + O(7). (38)
Here, # = 0, —0? is the heat operator and the time 7 is related to the fast time by

T = t. (39)

Viiim
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Another instance where the eddy viscosity may be calculated analytically is when the
basic flow is random and dJ-correlated in time (Gama et al. 1994, Appendix D).
However, in general the eddy viscosity tensor can be determined only by numerical
calculation, as discussed in the next section.

3.1. Numerical calculations of the eddy viscosity tensor in three dimensions

Our goal is to compute, for a given basic flow u and a given molecular viscosity v, all
the components of the eddy viscosity tensor given by (20). In what follows we shall
limit ourselves to time-independent basic flow. The extension to time-dependence is
quite straightforward (see Gama et al. 1994 for the two-dimensional case) but can be
very taxing in computer resources.

The main problem which must be handled numerically is the calculation of the
inverse of the linearized Navier-Stokes operator A%, restricted to functions of zero
mean-value. This inverse is well-defined, for large enough molecular viscosities, as long
as no eigenvalues of 4 have crossed the imaginary axis. Otherwise, there will be small-
scale instabilities growing on a fast timescale and it becomes uninteresting to study
large-scale dynamics.

The space of functions on which act operators such as 4, 4 and B are quadruplets
of a scalar (the pressure) and of a 3-vector. The latter, as already noted in §2.1, is not
restricted to zero divergence.

If a discretization involving N grid points in each direction is used, the discretized
quadruplets have thus 4N® degrees of freedom and the operator 4~* will be a matrix
with 16 /N® entries. Since N has to be typically 32 or 64 to avoid truncation errors (see
below), this is completely unmanageable on present computers. A classical trick is,
however, not to store 4%, but only the result of its action on successive quadruplet
fields. The storage is then reduced to O(N?®) and becomes manageable. As a price, a
substantial number of equations of the form

Af=g (40)

have to be solved. Given the assumption of time-independent basic flow, in all the
equations of the form (40), the right-hand side g is time-independent. Note that the
linearized Navier—Stokes operator A contains 0, but the solution of interest will be
time-independent. Still it is convenient to use a time-dependent scheme to integrate (40)
and to let the solution relax to convergence.

The numerical calculation is based on a standard (pseudo-) spectral method
(Gottlieb & Orszag 1977), which easily allows the use of massively parallel machines,
as explained in Gama et al. (1994). An N, x N, x N, regular grid is used with dealiasing
by truncation beyond the smallest of the wavenumbers N,/3, N,/3 and N,/3.
Periodicity 2mA, (respectively, 2mA,, 2mA,) is assumed in x, (respectively, x,, x;). The
timestepping is done by a slaved frog scheme (Frisch, She & Thual 1986) with mixing
of odd and even solutions every 19 timesteps.

The structure of our code is such that, in d dimensions it allows us to reduce the
number of equations of the form Af =g to be solved to d+d2, that is 12 in three
dimensions. In contrast, 2d* equations would be needed to get all d* entries of the
fourth-order eddy-viscosity tensor, calculating one entry after another.

The number of timesteps needed to ensure convergence varies from a few tens to a
few thousands, depending on the viscosity. On a CM-200, the CPU requirement (using
8K processors) varies from a few minutes to several hours. The higher resolution (64%)
was used essentially to check that truncation errors are negligible for v > 1. Results
from 32% and 64° calculations agree to at least five decimal places.
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The code has been tested in various ways. First, we tested it on layered flow for which
an analytic expression of the eddy viscosity tensor is known (DF). Since an already
well-tested code exists for two-dimensional flow (Gama et al. 1994), we used it to test
our three-dimensional code, successively assuming a flow which has no dependence on
the x;-, on the x,- and on the x,-coordinate. Finally, we took advantage of the existence
of the low-Reynolds-number expansion (38) to perform further tests.

4. Applications
4.1. Search for flows with complex eddy viscosity
As seen in §2.2, to obtain a complex (non-real) eddy viscosity we must have 4 < 0,
where A4 is the discriminant given by (30). It is shown in the Appendix that flow with
cubic symmetry has 4 > 0. Do flows exist with the property 4 < 0?
We started a search based on the perturbation expansion (38) of the eddy viscosity
tensor. The only components appearing in 4 are:

2 _
V1331 Vasze = ;‘Kua 0740, 0, — 0y 0g) Uy

+3<u,07* 03(0; 1, — Dy up) D} + o™, 41)
2

Vigae = ;{<u3 0710, 0, ugy +3 {uy 0740, 0, uph+ o(™), (42)
2

Vagar = ;{<u3 o 0y 0y U +3 {uy o 0y Ogup 2} + o(™). (43)

We now want to find a flow such that 4 = (v,35, — Va30)° +4V1350 Vass: < 0. A necessary
condition for this is that v,,,, and v,,,, should have opposite signs. The first terms on
the right-hand side in v,,,, and v,,,, are the same and the second will be the same if the
flow is invariant under interchange of x, and x,. Furthermore, the difference between
V330 A0d Vg, involves & = {(0, u, —0,u,) 0720, u,». Note that the quantity 0, u,— 9, u,
is the x,-component of the vorticity. If the velocity and the vorticity only differ by a
multiplicative constant (as is the case for the ABC flows), then § will be proportional
to {u, 0720, u,» which vanishes. Clearly, we want to avoid situations where v ,,, and
Vy35; are equal, since this implies 4 > 0. We found a flow for which v,,,, and v,,,, are
actually of different signs, namely u = (sin (x, + x, — x;), 0, sin (x, + x, — x;)). This flow
does not have 4 < 0, because the (v,;5, — Va33,)° term overwhelms the negative term
V1332 Vaszr- WE NOW observe that by adding a suitable term proportional to sin x, to the
x,-component of the velocity, we can cancel the leading-order contribution to
(V1331 — Vaage)® Without affecting v z,, v5,5,. We are thus led to the following basic flow:

. u = (sin(x; + x,— x,), 0,sin (x, + x, — x;} +(1/4/3) sin x,), (44)
for which A =—Z*+ 0. 45)
This establishes the existence of a flow with complex eddy viscosities:
o 12 iy/2 e

Note that the flow (44) is two-and-a-half-dimensional in the sense that it depends
only on two coordinates, namely x, and x" = x,—x,. The fact that strictly two-
dimensional flow cannot have a complex eddy viscosity does not carry over to two-and-
a-half dimensional flow. Indeed, the latter is subject to a large-scale perturbation which
depends not just on coordinates in the (x,, x")-plane.
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FIGURE 1. Real and imaginary parts of the eddy viscosity eigenvalue for the two-and-a-half-
dimensional flow (44). The labels near the circles (computed values) show the molecular viscosities.
———, first two terms from the low-Reynolds-number expansion (46).

We have thus shown that the two-and-a-half-dimensional flow has a complex eddy
viscosity for arbitrarily small Reynolds numbers. However, the calculation being
perturbative, the imaginary part in (46) is much smaller than the real part. Hence,
dispersive effects are dominated by diffusion. To avoid this, we must drop the
assumption of very low Reynolds numbers and make numerical calculations using the
method of §3.1.

Figure 1 shows the computed real and imaginary parts for the eddy viscosity of the
two-and-a-half-dimensional flow, together with the perturbative expression (38), for a
range of values of the molecular viscosity (as labelled).

At high molecular viscosities (say, higher than 20), not shown on the figure, there is
almost perfect agreement with the perturbative expression. As the viscosity is lowered,
the low-Reynolds-number expression deteriorates, as expected. It is noteworthy that
for the smallest viscosity used, v = 0.3, the imaginary part is already larger than the real
part, so that strong dispersive effects are present.

Another instance of a flow with complex eddy viscosity has been brought to our
attention by A. A. Nepomnyashchy and Y. Hazan (private communication).

4.2. Negative eddy viscosity instability for the ABC-flow

The ABC-flows are the 3-parameter family of flows, 2x periodic in x,, x, and x,, defined
by
u, = Asinx,+Ccosx,, 47

u, = Bsinx, + A cos x,, (48)
u, = Csin x,+ Bcos x,. (49)
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They were introduced by Arnold (1965).1 Because of their use in the study of chaotic
advection and the dynamo effect, there is considerable literature on these flows (see e.g.
Dombre et al. 1986; Galloway & Frisch 1987 and references therein).

What concerns us here is the stability of 4 BC-flows, considered as solutions of the
Navier—Stokes equation with a forcing of the 4 BC-type: when u is of the A BC-type the
nonlinear term vanishes so that the force and the viscous term balance.

Although we studied several instances of the 4ABC-flows, we shall report numerical
results only for the ‘equilateral’ case which has maximum symmetry:

A=B=C=1. (50)

It is then customary to define the Reynolds number R as the inverse of the viscosity.

Galloway & Frisch (1987) have found that the equilateral A BC-flow, when subject
to weak perturbations having the same 2n-periodicity as the basic flow, becomes
unstable at a critical Reynolds number just above 13. (This has been confirmed by
Zheligovsky & Pouquet (1993), who have also studied the nature of the ensuing
bifurcation.)

We shall now show that when the perturbations are allowed to have a scale much
larger than that of the basic flow, the critical Reynolds number for instability may drop
by almost one order of magnitude.

The ABC-flows are not parity-invariant. Actually, they possess a non-vanishing
helicity fu- V A ud®x. Still, the fact that they possess the Beltrami property, (V A z and
u are equal) ensures the absence of an AKA-effect. Technically, this means that the
solvability condition for (16) is satisfied. Our eddy viscosity formalism is thus directly
applicable to ABC-flows.

For arbitrary periodic flow, the null-space of the linearized Navier—Stokes operator,
i.e. the solution of (15), must be determined numerically. For A BC-flows the null-space
may be obtained analytically. Indeed, it may be easily checked that in the four-
dimensional notation of §2.1 (pressure followed by the three components of the
velocity), the null-space is a three-dimensional vector-space spanned by:

BCcos x, cos x,— ABsin x, sin x,
e 4
—Bsinx,
Bcosx,

N,

; (1)

AC cos x,cos x;,— BCsin x, sin x,
Ccosx
N, = o : (52

—Csinx,
ABcos x,cos x, —ACsin x, sin x,
—Asin x,
Acosx,
-V

N, (53)

From now on we restrict ourselves to the equilateral 4 BC-flow. This flow has weak
cubic symmetry. Its eddy viscosity tensor has the general form (37) which involves only

+ Equations (47) and (48) are already found in Beltrami (1889: see p. 304 of the complete works)
but with the coefficients 4ABC (denoted 7}, T,, T,) having “an arbitrary time-dependence’. Note that,
in general, the time-dependence prevents such flows from being solutions of the steady-state Euler
equation.
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FIGURE 2. The two basic parameters in the eddy viscosity tensor (37)
for the equilateral 4 BC-flow.

two scalars a(v) and b(v). The two eddy viscosities (eigenvalues), corresponding to a
given wave vector k = (k,, k,, k;) are given explicitly in the Appendix (equation (A 2)).

In the Appendix it is also shown that, for any flow having the weak cubic symmetry,
the eddy viscosities (eigenvalues) are real. Furthermore, it is shown that when a > 0
and b > 0 the eddy viscosities are positive (stability). Finally, it is shown that for a > 0
and when b crosses over to negative values, at least one of the eddy viscosities becomes
negative (instability), for those wave vectors in the three planes generated by any pair
of coordinate axes.

The determination of a(v) and b(v) was done by the numerical technique presented
in §3. Figure 2 shows the variation of the coefficients a(v) and b(v) for a range of values
of the molecular viscosity. It is seen that a(v) > 0. Hence, the stability of the equilateral
ABC-flow is governed solely by the sign of the coefficient b(v). The latter changes sign
when v crosses the value v, ~ 0.52.

Thus, for v <, a negative-viscosity large-scale instability appears. The cor-
responding Reynolds number is
R=1-10 (54)

c
VC

This value is nearly seven times smaller than the critical value obtained by Galloway
& Frisch (1987) for instability to perturbations having the same 2r spatial periodicity
as the basic flow.

The nature of the modes which become unstable at R = R, can be inferred from our
knowledge of the null-space of the linearized Navier—Stokes operator. Let us assume
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for example, that the leading-order term W has an exp (ik, X,) dependence on the
slow coordinates (with k&, + 0). From (51)-(53), specialized to A =B=C=1, it
follows that W has the following representation

—y COS X, sin x,
wo = exXp (lk1 X1) [/\1 (— sin Xy +/\2 ( -V ) +/\3 (COS X3 ’ (55)
COS X, —sin x, —v

Taking the fast average of (21), we obtain V-{W©®» = 0. This implies that A, = 0,
while A, and A, are arbitrary.

It is of interest to compare the negative-viscosity instability of the equilateral ABC-
flow to the well-known instance of the Kolmogorov flow which has a negative-viscosity
instability for v = v, = 1/4/2 (see e.g. Meshalkin & Sinai 1961 and DF). In the ABC
flow, when 4 =1 and B= C =0, a circularly polarized one-dimensional flow is
obtained. It is easily checked that its stability properties are just the same as for the
Kolmogorov flow. We may define an effective Reynolds number

Ry = EB ’ (56)
14
where L is the inverse of the wavenumber in the basic flow (always one, here) and v is
the r.m.s. velocity of the basic flow. For the Kolmogorov flow, we have R, = 1/(vy/2),
while for the equilateral 4BC-flow we have R.; = +/3/v. In terms of this effective
Reynolds number, the critical value is more than three times higher for the equilateral
ABC-flow than for the Kolmogorov flow.

For the Kolmogorov flow the nonlinear regime, just beyond the critical value, has
been studied by Nepomnyashchy (1976), Sivashinsky (1985), She (1987) and others. In
principle, a similar study is feasible for the equilateral ABC-flow. It is, however,
expected to be much more involved, since the bifurcation is highly degenerated : for any
wave-vector in a plane spanned by two coordinate axes, there is zero-crossing of an
eigenvalue at the critical viscosity »,.

Let us finally consider the thermodynamics of negative eddy viscosity. It is generally
believed that molecular viscosities are constrained by thermodynamics to be positive
and, so, negative eddy viscosities could be violating thermodynamics. The true
situation is considerably more subtle. First, there is a basic difference between fluids
considered microscopically, which are conservative dynamical systems and the same
fluids, described macroscopically which are governed by dissipative equations. In the
latter case, there is no such thing as a thermodynamic equilibrium. There may be non-
trivial attractors for long times, but only if the system is driven in some way, for
example, through external forces, pressure gradients or thermal convection. When
negative eddy viscosity instabilities are present in the large-scale dynamics, the flow
may exhibit new long-range orders, but no violation of microscopic thermodynamics
is happening.

Secondly, negative viscosity phenomena can actually occur in certain microscopic
conservative systems. Rothman (1989) and Hénon (1992) have shown that some
lattice gases in which the condition of semi-detailed-balance (a weak form of
microreversibility) is released, can display negative viscosities. This requires a fine-
tuning of the collision laws which is akin to introducing a Maxwell demon. The large-
scale instabilities which are obtained in flows such as the Kolmogorov flow or the
ABC-flows are of a very different nature: they are just a particular instance of
hydrodynamic instability.
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5. The issue of isotropy

Can we find flows having an isotropic eddy viscosity, that is, such that the tensor
Vijim 18 given by (37) with a = b? There is one trivial instance, namely when the flow
vanishes and the eddy viscosity reduces to the molecular viscosity. We also know that
in two dimensions, spatially periodic flow with suitable symmetry has an isotropic eddy
viscosity (Vergassola, Gama & Frisch 1994; Gama ez al. 1994).

We have already stressed that in three dimensions isotropy is generically not
consistent with periodicity. It may be that among the flows with cubic symmetry some
have accidental isotropy (i.e. a = b in equation (A 2)) for certain values of the control
parameters.

A more generic way to ensure isotropy is to work with random, homogeneous and
isotropic flows rather than with deterministic ones. Formally, the theory of the eddy
viscosity can be extended to this case. There are however serious mathematical and
numerical difficulties. For example, the eddy viscosity must be calculated by ensemble
averaging over a large number of realizations (Monte Carlo method). This may require
very large computer resources.

A particularly appealing alternative is to work with quasi-periodic flow having
icosahedral symmetry, as suggested by Yakhot, Bayly & Orszag (1986). A simple
example is the flow generated by superposing 12 plane waves of equal amplitudes

having the wave vectors
+1 0 +r
BE
0 +7 +1

Here 7=314+/5) is the golden mean. Such icosahedral symmetry guarantees
isotropy of tensors up to fourth order. With quasi-periodic flow, a number of new
challenges appear. Equations such as (15)+(17) become linear partial differential
equations with quasi-periodic coefficients. Much is known about the wave or
Schrédinger equations in one dimension with quasi-periodic potential; for example,
the possibility of Bloch-type or localized solutions (see e.g. Chulaevsky 1989;
Pastur & Figotin 1992). The linearized Navier—Stokes operator (known as the
Orr—Sommerfeld operator when the basic flow depends on a singie coordinate) is,
however, not self-adjoint, contrary to the Schrédinger operator, so that existing theory
cannot be easily adapted.

For the numerical solution of the linearized Navier—Stokes with quasi-periodic
coefficients, we have explored a new method based on multiplying the dimension of the
space by the number of incommensurate wavenumbers in the basic flow (two for the
case of (57)). The method seems to work well in two dimensions (where it requires the
use of a four-dimensional spectral code). In three dimensions, the possibilities are
severely restricted by the present limitation of even the fastest machines.

Finally, there is the issue of having an eddy viscosity, which is simultaneously
isotropic and negative. The equilateral ABC-flow has a negative eddy viscosity, but
only for special directions of the wave vector. In two-dimensions, we know that
negative isotropic eddy viscosity is a rather common phenomenon (Gama et al. 1994).
This phenomenon may also occur in three dimensions, but is likely to be less common.
One indication is that when the basic flow is random isotropic and time-dependent with
a very short correlation-time, the contribution to the molecular viscosity vanishes in
two dimensions but is always positive in three dimensions {Gama et al. 1994,
Appendix D).
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Furthermore, in three dimensions there is no known equivalent to the inverse
cascade (Kraichnan 1967) so that we do not ‘need’ negative isotropic eddy viscosity.
It may exist nevertheless.

We have benefited from extensive discussions with M. Vergassola. This work was
supported by the European Community (Human Capital and Mobility ER-
BCHRXCT920001). Part of this work was done while U.F. and A.W. were visiting the
Center for Fluid Dynamics Research (Princeton). The numerical calculations were
done on the CM-200 of the ‘Centre Régional de Calcul PACA, antenne INRIA-
Sophia-Antipolis’ through the R3T2 network.

Appendix. Eddy viscosity for cubic symmetry

The highest symmetry in three dimensions compatible with periodicity is cubic
symmetry, i.e. invariance under parity and permutations of the coordinates x,, x,
and x,.

Actually, we shall need only weak cubic symmetry, i.e. invariance under rotations of
angle 3n around any of the coordinate axes or translates thereof. The basic equations
for the large-scale perturbation, given in §2.1, are (18) and (19), which involve the eddy
viscosity tensor v, in the combination V,V, WO Without loss of generality, we
may thus assume that v, is symmetrical in (j,/). Using the same technique as in
Landau & Lifshitz (1970, p. 54), and slightly different notation, we can see that the
fourth-order tensor v, with such symmetry in its indices and consistent with weak
cubic symmetry depends only on three real numbers a, b and c. In the (x,, x,, x;)-frame
we can write the components of the eddy viscosity tensor in the following form:

z]lm - aaz]lm + b( im ]l u’lm) + c(azl 8]7" + 6 6lm)a (A 1)

where d,;,,, is equal to one if all four indices are equal and to zero otherwise; this is of
course not a coordinate-independent representation of the eddy viscosity tensor,
because d;;,,, is not a tensor. Since in (19) the eddy viscosity tensor is contracted with
V,V,and V,, (W) = 0, the last term, involving the coefficient ¢, does not contribute.
Hence, no generality is lost by assuming ¢ = 0. Using now (A 1) in the definition (27)
of the matrix H,,,(k®), we can express the latter in terms of the parameters a and b and
the direction k° of the wave vector. The resulting three-by-three matrix has entries
depending on five parameters: the viscosity, the coefficients a and b, and the direction
of the wave vector k,. The determination of its non-vanishing eigenvalues may be done

for example using symbolic calculations. The final result for the eddy viscosities reads:

vi = P ks R R+ SRR R A2

where
=kiki ki ki + ks ki —kikIkE— ki kg k3 — k3 k3 ks, (A3

and k* = (k2 +k3+k2)®. We show now that 4 is always positive. 4 being homogeneous
and completely symmetrical in (k,, k,, k;), without loss of generality, we may assume
k2=12k=o0>ki=r12>0. We thus obtain

A=c*+7*+or((r— 1) o—17-1). (A9

We now observe that, from 0<7r<o<1, it follows that (+—1)o—7—12>
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(t—1)—7—1=—2.Thus, 4 = o®+12— 2071 = (0 —71)* = 0. The positivity of 4 implies
that v} and vy are both real. We have thus shown that weak cubic symmetry implies
always real eddy viscosity.

Next, we shall show that @ > 0 and b > 0 implies v > 0. We can rewrite (A 2) as

vE = %(@id1/2)+7§(@+A1A”2), (A5)
where O = (ki k3 + ki k3 + k3K, (A 6)
and A = (ki +k3+k3). A7
We observe that 0 =4, (A8)

equality being obtained only when all cross-products (involving all three factors &, k,
and k,) vanish. In other words, equality holds only when the vector k is in a coordinate
plane, i.e. is in any of the three planes generated by pairs of coordinate axes. From this,
it follows that the first term in (A 5) is never negative, and that the second is strictly
positive (by the fact that 4 > 0), so that v > 0.

Finally, we show that for @ > 0, when b crosses the value zero, at least one of the
eddy viscosities becomes negative for those k in the coordinate planes and otherwise
not. For k in a coordinate plane, we have @ = 4. Hence, for a > 0 and b slightly
negative, the smallest eddy viscosity is v; = (20 + A)/k* = b, which changes sign with
b. Actually, if k is parallel to one of the coordinate axes, vy = vy = b and the eddy
viscosities both change sign with . When & is not in a coordinate plane, the first term
in (A 5) is strictly positive and no change of sign occurs when & goes through zero.

REFERENCES

ARNOLD, V. I. 1965 Sur la topologie des écoulement stationnaires des fluids parfaits. C.R. Acad. Sci.
Paris 261, 17-20.

BayLy, B.J. & YakHOT, V. 1986 Positive and negative phenomena in isotropic and anisotropic
Beltrami flows. Phys. Rev. A 34, 381-391.

BeLTrRAMI, E. 1889 Considerazioni idrodinamiche. Rendiconti del Reale Istituto Lombardo serie 11,
22, pp. 121-130. Also in Opere Mathematische di Beltrami, vol. 4, pp. 300-309, Ulrico Hoepli,
Milan 1920.

BENSOUSSAN, A., LioNs, J.-L. & PAPANICOLAOU, G. 1978 Asymptotic Analysis for Periodic Structures.
North Holland.

BoNDARENKO, N. F., Gax, M. Z. & DoLzHANSKY, F. V. 1979 Laboratory and theoretical models of
a plane periodic flow. Atmos. Ocean. Phys. 15, 711-720.

BoussinesQ, J. 1870 Essai théorique sur les lois trouvées expérimentalement par M. Bazin pour
I’écoulement uniforme de ’eau dans les canaux découverts. C.R. Acad. Sci. Paris 71, 389-393.

BrUSH, S. G. 1986 The Kind of Motion We Call Heat. North Holland.

CHULAEVSKY, V. A. 1989 Almost Periodic Operators and Related Nonlinear Integrable Systems.
Manchester University Press.

D’HuMiEres, D., LALLEMAND, P. & Frisch, U. 1986 Lattice Gas Models for 3D Hydrodynamics.
Europhys. Lett. 2, 291-297.

Dowmsre, T., FriscH, U., GREENE, J. M., HENON, M., MEHR, A. & SOwARD, A. M. 1986 Chaotic
streamlines in the ABC flows. J. Fluid Mech. 167, 353-391.

DUBRULLE, B. & FriscH, U. 1991 Eddy viscosity of parity-invariant flow. Phys. Rev. A 43,
5355-5364 (referred to herein as DF).

FriscH, U., SHE, Z. S. & SuLem, P. L. 1987 Large-scale flow driven by the anisotropic kinetic alpha
effect. Physica D 28, 382-392.



264 A. Wirth, S. Gama and U. Frisch

FriscH, U, SHE, Z.S. & THuaL, O. 1986 Viscoelastic behaviour of cellular solutions to the
Kuramoto—Sivashinsky model. J. Fluid Mech. 168, 221-240.

GaLLoway, D. & Frisch, U. 1986 Dynamo action in a family of flows with chaotic streamlines.
Geophys. Astrophys. Fluid Dyn. 36, 53-83.

GaLLoway, D. & FriscH, U. 1987 A note on the stability of a family of space-periodic Beltrami
flows. J. Fluid Mech. 180, 557-564.

GaMa, S., VERGASSOLA, M. & FriscH, U. 1994 Negative eddy viscosity in isotropically forced two-
dimensional flow: linear and nonlinear dynamics. J. Fluid Mech. 260, 95-126.

GOTTLIEB, D. & ORSZAG, S. 1977 Numerical Analysis of Spectral Methods: Theory and Applications.
SIAM.

HENON, M. 1966 Sur la topologie des lignes de courant dans un cas particulier. C.R. Acad. Sci. Paris
262, 312-314.

HENoN, M. 1992 Implementation of the FCHC lattice gas model on the Connection Machine. J.
Stat. Phys. 68, 353-377.

KRrarcHNaN, R H. 1967 Inertial ranges in two-dimensional turbulence. Phys. Fluids 10, 1417-1423.
Lawms, H. 1619 Hydrodynamics. Cambridge University Press.

Lanpau, L. D. & LirsHitz, E. M. 1970 Theory of Elasticity, revised edn. Pergamon.

MESHALKIN, L. D. & SinalL, Ya. G. 1961 Investigation of the stability of a stationary solution of a

system of equations for the plane movement of an incompressible viscous liquid. Appl. Math.
Mech. 25, 1700-1705.

Navier, C. L. M. H. 1823 Mémoire sur les lois du mouvement des fluids. Mém. Acad. R. Sci. 6,
389-440.

NEPOMNYASHCHY, A. A. 1976 On the stability of the secondary flow of a viscous fluid in an infinite
domain. Appl. Math. Mech. 40, 886-891.

PasTUR, L. & FIGOTIN, A. 1992 Spectra of Random and Almost-Periodic Operators. Springer.

PraANDTL, L. 1925 Bericht {iber Untersuchungen zur ausgebildeten Turbulenz. Z. angew. Math.
Mech. 5, 136-139.

Rotaman, D. H. 1989 Negative-viscosity lattice gases. J. Stat. Phys. 56, 517-524.

SAINT VENANT, A. (BARRE) DE, 1851 Formules et tables nouvelles pour les eaux courantes. Ann. Mines
20, 49.

SHE, Z.S. 1987 Metastability and vortex pairing in the Kolmogorov flow. Phys Lett. A 124,
161-164.

SivasHINSKY, G. 1. 1985 Weak turbulence in periodic flows. Physica 17, 243--255.

SuLeMm, P. L., SHE, Z. S., ScHoLL, H. & FriscH, U. 1989 Generation of large-scale structures in three-
dimensional flow lacking parity-invariance. J. Fluid Mech. 205, 341-358.

TAYLOR, G. 1. 1915 Eddy motion in the atmosphere. Phil. Trans. R. Soc. A 215, 1-26.

VERGASSOLA, M. 1993 Chiral nonlinearities in forced 2-D Navier—Stokes flows. Europhys. Lett. 24,
41-45.

VERGASSOLA, M., GaMa, S. & FriscH, U. 1994 Proving the existence of negative isotropic eddy
viscosity. In NATO-ASI: Solar and Planetary Dynamos (ed. M. R. E. Proctor, P. C. Mathews &
A. M. Rucklidge), pp. 321-327. Cambridge University Press.

WIrTH, A. 1994 Complex eddy viscosity: a three dimensional effect. In NATO-ARW: Chaotic
Advection, Tracer Dynamics and Turbulent Dispersion (ed. A. Provenzale), Physica D 76, pp.
312-317.

YAKHOT, V., BayLy, B. J. & OrszaG, S. 1986 Analogy between hyperscale transport and cellular
automaton fluid dynamics. Phys. Fluids 29, 2025-2027.

ZHELIGOVSKY, O. & PouQuet, A. 1993 Hydrodynamic stability of the ABC flow. In NATO-ASI:
Solar and Planetary Dynamos (ed. M. R. E. Proctor, P. C. Mathews & A. M. Rucklidge), pp.
347-354. Cambridge University Press.





